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On Intersection Sets in Desarguesian Affine Spaces
SIMEON BALL
Lower bounds on the size of t-fold blocking sets with respect to hyperplanes or t-intersection sets
in AG(n, q) are obtained, some of which are sharp.
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1. INTRODUCTION
A set of points S is a t-fold blocking set with respect to hyperplanes if every hyperplane
contains at least t points of S. Such a set S is also known as a t-intersection set or an inter-
section set with multiplicity t . A 1-fold blocking set with respect to hyperplanes is a blocking
set with respect to hyperplanes, or alternatively, an intersection set. A t-fold blocking set with
respect to lines is called a t-fold blocking set. This paper focuses on lower bounds of such sets
in AG(n, q), the n-dimensional desarguesian affine space over the finite field G F(q), where
q = ph for some prime p. The main aim of this article is to improve the following theorem
from Bruen [4].
THEOREM 1.1. Let S be a t-fold blocking set with respect to hyperplanes of AG(n, q).
Then
|S| ≥ (n + t − 1)(q − 1)+ 1.
This was proven for t = 1 originally, by Jamison [5] and independently by Brouwer and
Schrijver [3]. Bruen extended both the methods used in those papers to give alternative proofs
of Theorem 1.1. The ideas used in this paper are in a way following on from where Bruen
finished. For t = 1 the bound in Theorem 1.1 is sharp. In fact, one need not think hard at all
to provide an example attaining the bound; simply take the points on n concurrent lines not
all contained in a hyperplane. However when t = 2, as we shall see later, the most obvious
construction does not usually attain the above bound. Indeed, it is possible to improve the
bound in Theorem 1.1 in many cases, moreover, it will be sharp for t = 2 and n ≤ q . Firstly,
there is the following improvement to Theorem 1.1 in the planar case from [1]. For (t, q) = 1
this is due to Blokhuis [2].
THEOREM 1.2. Let S be a t-fold blocking set of AG(2, q) and let e be maximal such that
pe | t . Then the set S has at least (t + 1)q − pe points.
The above uses the concept of nuclei and is sharp in a number of cases. It also follows as
a corollary to the main result in this paper. However, the proof is completely different and is
obtained by the techniques that appear in [4]. The rest of this section is taken from [4].
Let a = (a1, a2, . . . , an) be in G F(q)n . We shall refer to a as a point in the n-dimensional
affine space AG(n, q). Consider an f in G F(q)[x1, . . . , xn]
f =
∑
αi1,i2,...,in x
i1
1 . . . x
in
n . (1)
Put yi = xi − ai for 1 ≤ i ≤ n and substitute xi = yi + ai in (1). Then f can be uniquely
‘expanded at a’ in the following way,
f =
∑
βi1,i2,...,in y
i1
1 . . . y
in
n . (2)
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Let t be the largest integer such that for every non-zero term βi1,i2,...,in we have that i1 + i2 +· · · + in ≥ t . Then we say f has a zero with multiplicity t at a. The following lemma is clear
and will be used numerous times in the proof of the theorem.
LEMMA 1.3. Let f , g and h be in G F(q)[x1, . . . , xn] and f = gh. If f (respectively g)
has a zero of multiplicity t (respectively s ≤ t) at a, then h has a zero of multiplicity at least
t − s at a.
Denote by Jt (x1, x2, . . . , xn) the ideal in the ring G F(q)[x1, x2, . . . , xn] that is generated
by the polynomials (xq1 −x1)i1(xq2 −x2)i2 . . . (xqn −xn)in , where i1, i2, . . . , in are non-negative
integers with i1 + i2 + · · · + in = t . In symbols
Jt = 〈(xq1 − x1)i1(xq2 − x2)i2 . . . (xqn − xn)in |i1 + i2 + · · · + in = t〉.
The following lemma is an elementary result in commutative algebra and a proof can be found
in [4, Theorem 1.3].
LEMMA 1.4. A polynomial f in G F(q)[x1, . . . , xn] has zeros of multiplicity at least t at a
for all a in AG(n, q) if and only if f is in Jt (x1, x2, . . . , xn).
The value of binomial coefficients modulo p will be of primary importance and for this
reason we include the following theorem, together with its proof from [6], which is called
Lucas’ theorem.
THEOREM 1.5. For a and b integers, with p-adic expansions, a = a0 + a1 p+ a2 p2 + · · ·
and b = b0 + b1 p + b2 p2 + · · · + bn pn(
a
b
)
=
(
a0
b0
)(
a1
b1
)
· · ·
(
an
bn
)
(mod p).
PROOF. In the polynomial ring G F(q)[x] the following
(1+ x)a =
∞∏
i=0
(1+ x)ai pi =
∞∏
i=0
(1+ x pi )ai
holds. In other words,
∞∑
b=0
(
a
b
)
xb =
∞∏
i=0
p−1∑
ki=0
(
ai
ki
)
xki p
i =
p−1∑
k0,k1,...=0
(
a0
k0
)(
a1
k1
)
. . . xk0+k1 p+k2 p2+···
and the theorem follows from comparison of coefficients. 2
2. POLYNOMIALS AND AFFINE BLOCKING SETS
The following proposition will be analysed later to provide lower bounds on the sizes of
multiple blocking sets with respect to hyperplanes in AG(n, q). For the moment we sat-
isfy ourselves with proving that for t-fold blocking sets of AG(n, q) which have at most
(n+ t − 1)q − n points, a set of linear equations exists. The degree of a polynomial f will be
denoted f o.
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PROPOSITION 2.1. Let S, a set of (t + n − 1)(q − 1) + k − 1 points in AG(n, q), be a
t-fold blocking set with respect to hyperplanes. Then there exist σi(q−1) with σ0 = 1 such that
b j/(q−1)c∑
i=0
(
nq − q − n + k − t − i(q − 1)
j − i(q − 1)
)
σi(q−1) = 0 (mod p)
for all j such that k − 1 ≤ j < t .
PROOF. Let S, a set of (t + n− 1)(q − 1)+ k − 1 points in AG(n, q), be a t-fold blocking
set with respect to hyperplanes and assume 0 ∈ S. Define
F(x1, x2, . . . , xn) =
∏
s∈S
(s1x1 + s2x2 + · · · + sn xn + 1),
then Fo = |S| − 1 = (t + n − 1)(q − 1)+ k − 2. Write
F(x1, x2, . . . , xn) = W (x1, x2, . . . , xn)+ V (x1, x2, . . . , xn),
where V ∈ Jt and all terms divisible by xc1q1 xc2q2 . . . xcnqn , for some ci satisfying c1+c2+· · ·+
cn = t , appear only in V . Note that since F(0) 6= 0 it follows that W (0) 6= 0. By hypothesis
we have that x t1 F ∈ Jt and hence that x t1W ∈ Jt . Moreover, considering the possible terms
that can appear in x t1W yields that x
t
1W = (xq1 − x1)W1 where W1 ∈ Jt−1. Continuing for
x2, . . . , xn we see that we can write
W (x) =
n∏
i=1
(x
q−1
i − 1)U (x),
where U o ≤ (t − 1)(q − 1)+ k − 2 and U (0) 6= 0.
On every hyperplane x1 = c there exist at least t points of S and therefore (xq−11 − 1)t
divides
F(x1, 0, . . . , 0) = (xq−11 − 1)U (x1, 0, . . . , 0)+ (xq1 − x1)t Vˆ (x1) =
∏
s∈S
(s1x1 + 1),
where V (x1, 0, . . . , 0) = (xq1 − x1)t Vˆ (x1). Let Sred be a multi-subset of the multi-set S[1] :={s1 | (s1, s2, . . . , sn) ∈ S} of size |S| − tq , such that the multi-set S[1] \ Sred contains each
element of G F(q) repeated exactly t times. Define the symmetric functions σ j by∏
a∈Sred
(ax + 1) =
nq−q−n+k−t∑
j=0
σ j x j .
Put x1 = x and s1 = a and F(x, 0, . . . , 0) = (xq−1 − 1)t f (x), let Vˆ (x, 0, . . . , 0) = v(x)
and U (x, 0, . . . , 0) = (xq−1 − 1)t−1u(x) and rewrite the above as
f (x) = u(x)+ x tv(x) =
∑
σ j x j ,
where uo ≤ k − 2. The coefficient of x j implies that σ j = 0 whenever k − 1 ≤ j < t .
For all λ ∈ G F(q), the set
Sλ = {(s1 + λ, s2, . . . , sn) | (s1, s2, . . . , sn) ∈ S}
is a t-fold blocking set with respect to hyperplanes of AG(n, q) and we can make a shift of
the other n − 1 coordinates to ensure that 0 is in Sλ. Hence it follows that σ λj = 0 whenever
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k − 1 ≤ j < t , where σ λj is the j th symmetric function of the set Sredλ = {a + λ | a ∈ Sred}.
Now
σ λj =
∑
(a1 + λ)(a2 + λ) . . . (a j + λ) =
j∑
r=0
( |Sred | − r
j − r
)
σrλ
j−r ,
where the first sum extends over all possible combinations of a1 + λ, a2 + λ, . . . , a j + λ in
Sredλ . Hence for k − 1 ≤ j < t ,
k−1∑
r=0
(
nq − q − n + k − t − r
j − r
)
σrλ
j−r = 0 (mod p).
This is zero when reduced modulo the polynomial λq − λ, since it is valid for all λ ∈ G F(q).
Therefore
b j/(q−1)c∑
i=0
(
nq − q − n + k − t − i(q − 1)− r
j − i(q − 1)− r
)
σi(q−1)+r = 0 (mod p),
where 0 ≤ r < q−1. We are specifically interested in obtaining equations involving σ0, since
this is non-zero and so we conclude that for k − 1 ≤ j < t
b j/(q−1)c∑
i=0
(
nq − q − n + k − t − i(q − 1)
j − i(q − 1)
)
σi(q−1) = 0 (mod p).
2
THEOREM 2.2. For t < q, a t-fold blocking set with respect to hyperplanes in AG(n, q)
has at least (t + n − 1)(q − 1)+ k points provided there exists a j such that k − 1 ≤ j < t
and the binomial coefficient (
k − n − t
j
)
6= 0 (mod p).
PROOF. In fact this is an almost trivial consequence of Proposition 2.1. Assume that there
is a t-fold blocking set of hyperplanes with (t + n − 1)(q − 1) + k − 1 points. Since t < q
we have that j < q − 1 and there is only one term in the sum. Lucas’ theorem allows us to
ignore the terms in the top of the binomial coefficient divisible by q , and we deduce that(
k − n − t
j
)
σ0 =
(
k − n − t
j
)
= 0 (mod p),
which gives us a contradiction if a j exists such that the binomial coefficient is non-zero. This
contradiction implies that a t-fold blocking set has at least (t + n − 1)(q − 1)+ k points. 2
COROLLARY 2.3. For t < q, a t-fold blocking set with respect to hyperplanes in AG(n, q)
has at least (t + n − 1)q − n + 1 points provided( −n
t − 1
)
6= 0 (mod p).
COROLLARY 2.4. A t-fold blocking set with respect to hyperplanes in AG(2, q) has at
least (t + 1)q − pe points where e is maximal such that pe divides t .
PROOF. Let k = t − pe + 1 and j = t − 1, write t = γ pe where γ 6= 0 (mod p). Then(−pe(t) − 1
t − 1
)
σ0 =
( −2pe(t) + pe(t) − 1
(γ − 1)pe(t) + pe(t) − 1
)
=
( −2
γ − 1
)
(mod p),
which is non-zero. 2
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3. SOME CONSTRUCTIONS
Double blocking sets. Applying Corollary 2.3 to the case t = 2 we have that a 2-fold (double)
blocking set of hyperplanes in AG(n, q) has at least (n + 1)q − n + 1 points unless n = 0
mod p, in which case the bound is (n + 1)q − n. In the following construction we see that in
both cases the bound can be attained.
Choose n + 1 lines l1, l2, . . . , ln+1 in PG(n, q) such that
li ∩ li+1 = Qi,i+1 and ln+1 ∩ l1 = Qn+1,1
and li ∩ l j = ∅ otherwise, and moreover, in such a way that the set of points{
Pi = li ∩6∞ | i = 1, . . . , n + 1
}
form an (n + 1)-arc in the (n − 1)-dimensional projective space at infinity ∑∞. Let B be
the union of points on these lines in the affine space AG(n, q) = PG(n, q) \∑∞. The only
hyperplanes that contain less than two points of B are the hyperplanes Hi,i+1 spanned by the
points
{P1, P2, . . . , Pi−1, Qi,i+1, Pi+2, . . . , Pn, Pn+1},
1 ≤ i ≤ n and the hyperplane Hn+1,1 spanned by the points
{P2, P3, . . . , Pn, Qn+1,1}.
These hyperplanes do, however, contain one point of B. Now P = H12 ∩ H23 ∩ · · · ∩ Hn,n+1
is a point of AG(n, q) not in B and if Q is an affine point on the hyperplane Hn+1,1, then
B ∪ P ∪ Q is an affine double blocking set of size (n + 1)q − (n + 1) + 2. However, if we
could choose lines such that P = Q, in other words all these hyperplanes share a common
point, then we would have a double blocking set with one less point. Clearly this should only
be possible if n = 0 (mod p). We shall see that this is in fact sufficient.
Coordinatize the points of PG(n, q) by (x1, x2, . . . , xn, xn+1) and define the points Pi =
(0, 0, . . . , 0, 1, 0, . . . , 0), where the 1 occurs in the i th place, 1 ≤ i ≤ n. Let ∑∞ be the
hyperplane given by xn+1 = 0 and Pn+1 = (1, 1, 1, . . . , 1, 0). Let the points Qi,i+1 =
(1, 2, 3, . . . , i−1, i, i, i+1, . . . , n−1, 1) for 1 ≤ i ≤ n−1, Qn,n+1 = (1, 2, 3, . . . , n−1, 0, 1)
and Qn+1,1 = (0, 1, 2, 3, . . . , n − 1, 1), where the coordinate elements come from G F(p).
These define the lines li for 1 ≤ i ≤ n + 1 in such a way that li ∩∑∞ = Pi if and only
if n = 0 (mod p). Moreover, one can verify that the hyperplanes Hi,i+1 for 1 ≤ i ≤ n and
Hn+1,1 have the point (0, 0, 0, . . . , 0, 1) in common.
A (q − 1)-fold blocking set in AG(3, q). Consider H a hyperbolic quadric Q+(3, q) in
PG(3, q) and pi a plane meeting H in two lines. Let S = H \ pi , a set of q2 points. Then
S is a (q − 1)-fold blocking set of AG(3, q) = PG(3, q) \ pi . In the case when t = q − 1
and n = 3, Theorem 2.2 does not improve on Bruen’s bound. Theorem 1.1, and moreover, S
attains the bound. In fact in all the cases t + n = q + 2, the binomial coefficient is(
k − 2
j
)
,
which is always zero for k − 1 ≤ j unless k = 1 where we can set j = 0.
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4. SOME REMARKS
For t ≥ nq − q − n + 2, we have k − t + nq − q − n ≤ k − 2 and hence every binomial
coefficient in all possible equations is zero unless k = 1 and we can set j = 0. Hence we
can conclude only Bruen’s bound in this case. However, Zanella [7] shows that Bruen’s bound
cannot be attained when 2t ≥ (n − 1)(q − 1)+ 2.
For t + n ≤ q + 2, we can always construct a t-fold blocking set of size (t + n − 1)q by
taking t + n − 1 mutually skew lines meeting ∑∞ = PG(n − 1, q) at infinity in an arc.
In general, it would be hoped that we can show that k is at least t ±  where  is small. It
would be useful to be able to reduce the degree of U (x), which effectively reduces the lower
bound on j , and it seems that this should be possible sometimes. Consider the hyperplane
x1 = 0. It has at least t points of S and hence there are at least t linear factors in F(x) of the
form
(s2x2 + s3x3 + · · · + sn xn + 1).
Consider substitutions xi = νi y for i = 2, . . . , n where νi ∈ G F(q)∗ and the νi are chosen
such that
ν2s2 + ν3s3 + · · · + νnsn = 0
for a maximal number m of these factors of F(x). Then the degree of F(x1, ν2 y, ν3 y, . . . , νn y)
is (n + t − 1)(q − 1)+ k − 2− m. Moreover,
F(x1, ν2 y, ν3 y, . . . , νn y) = (xq−11 − 1)(yq−1 − 1)n−1U (x1, ν2 y, . . . , νn y)
+V (x1, ν2 y, . . . , νn y)
and hence U (x1, ν2 y, ν3 y, . . . , νn y)o ≤ (t − 1)(q − 1)+ k − 2− m.
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